Class Exercise

1. Prove the following limits: (a) lim,_,., Re z = Re 2y;
(b) 1imz—>z0 Z = 20,

(c) Iflim,,, f(2) = wo, thenlim,_,, | f(2)| = |wol.

2. Show that the derivative f'(z) does not exist at any point z for the following functions:
(@) f(2) = Re(2);
(b) f(2) = Im(2).

3. Evaluate the following limits:
c)lim, . %, where P(z) and Q(z) are polynomials, and Q(zy) # 0.



1. Prove the following limits: (a) lim,_,,, Re z = Re 2y;
(b) limz—)zD zZ = Zy,

(c) Iflim, ., f(z) = wo, thenlim,_,, |f(z)| = |wol.

Sol:
(a)

The § — € definition states:

lim f(z) = f(z) ifforeverye > 0, there existsad > 0 such that |z — 2| < d = |f(z) — f(20)| < €.

zZ—=Z0

Here, f(2) = Re z,and [f(2) — f(z0)| = |Rez — Re 2.

Since | Re z — Re zg| < |z — 2| (a basic property of the real part of a complex number),

choosing § = € guarantees that:
|z — 29| <0 = |Rez—Rezl <e.
Thus, by the § — € definition,

lim Rez = Re z.

Z—2
(b)
The complex conjugate of z is given by z = = — 1y, where z = x + ty. We aim to prove that:
lim z = Z.
zZ—z0

From the § — € definition, we need to show:
|z — 20| <d = |z2—Z| <e
The distance between z and zj is:
2 — zo| = |(z — iy) — (zo — iyo)| = [(z — z0) — iy — wo)|-

By the definition of the modulus of a complex number:

|z~ 20| = V(& — 20)2 + (y — y0)? = |2 — =0l.
Thus, choosing & = € guarantees that:
|z — 2| <d = |z2—7%| <e
Therefore, by the § — € definition:

lim z = z,.
=2



(c)

We are given that lim., ., f(z) = wo, which means:

For every € > 0, there exists a § > 0 such that |z — zo| < § = |f(2) — wo| < e.

The key inequality is:

|1£(2)| = wol| < [f(2) — wl.

This tells us that the distance between | f(2)| and |wp| is at most the distance between f(z) and

wg. Therefore:
2= 20| <& = |[f(2)] — |wol| < |f(2) — wo| <e.
This means that for every € > 0, there exists ad > 0 (the same ¢ as for | f(2) — wo| < €)
such that:

|z — 2| <d = ||f(z)\ *|’LU(]‘| < €.



2. Show that the derivative f'(z) does not exist at any point z for the following functions:
(a) f(2) = Re(z);
(b) f(z) = Im(z).

Sol:
(a)
The derivative is defined as:
Aw
!
z) = lim —,
f ( ) Az—0 Az

where:
Aw = f(z + Az) — f(2).
For f(z) = Re(z), the real part of z = x + iy is Re(z) = . Therefore:
Aw = Re(z + Az) — Re(z).
letz =z + iy and Az = Az + iAy. Then:
Re(z + Az) = Re((z + Az) + i(y + Ay)) = = + Az.
Thus:
Aw = Re(z + Az) — Re(z) = (z + Az) — =z = Az.
The derivative becomes:

Aw Az

Az Az
Now, Az = Az + iAy. We evaluate % along different paths.
1. Horizontal path (Az = Az + 10):

e Here, Az = Az, so:

OE _ o8
Az Az
2. Vertical path (Az = 0 + i1Ay):
* Here, Az = iAy, so:
o D
Az Ay’

Since Az = 0 along the vertical path, we have:

Agx

e
Since the limit depends on the path, the derivative f'(z) does not exist at any point z for f(z) =
Re(z2).



(b)

For f(z) = Im(2), the imaginary part of z = x + iy is Im(2) = y. Then:
Aw =Im(z + Az) — Im(z).
Letz = z + iy and Az = Az + iAy. Then:
Im(z + Az) = Im((z + Az) + i(y + Ay)) = y + Ay.
Thus:
Aw =Im(z + Az) — Im(z) = (y + Ay) —y = Ay.

The derivative becomes:
Aw Ay
Az Az’
Now, Az = Ax + iAy. We evaluate % along different paths.
1. Horizontal path (Az = Az + 0):
e Here, Az = Az, so:
Ay Ay
Az Az’

Since Ay = 0 along the horizontal path, we have:

Ay
— =0.
Az
2. Vertical path (Az = 0 + iAy):
* Here, Az = iAy, so:
Ay, By
Az iAy’
Simplify:
Ay _Ay _1__
Az iAy i

Since the limit depends on the path, the derivative f’(z) does not exist at any point z for f(z) =
Im(z).



3. Evaluate the following limits:

(e) ima, .y g%, where P(z) and Q(z) are polynomials, and Q(z9) # 0.

Sol:
(c)
1. Given:
« P(z)and Q(z) are polynomials, and Q(zq) # 0.

¢ The function is f(z) = ggz;, and we need to evaluate its limit as z — 2.

2. Using Theorem 2:

* The limit of a quotient is the quotient of the limits (if the denominator is not zero).

* Polynomials are continuous, so lim,_,,, P(z) = P(z) andlim,_,., Q(z) = Q(z0).
3. Step-by-step:
P(z) _lim,., P(z) _ P(z0)

lim =

a0 Q(z)  limas Q(2)  Q(z0)




